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22–23 January, 2016

15th GAMM-Seminar on
Microstructures

General Information

Institut Henri Poincaré, Paris
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Informal Social Event
On Thursday evening, January 21, at 19:00 there is a coming together at the pub “The
Bombardier”, 2 Place du Panthon, 75005 Paris, see map below.

The Bombardier

Institut Henri Poincaré
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Conference Dinner
The conference dinner will take place at the restaurant “La Fresque”, 100 rue Rambuteau,
75001 Paris. From the Institut Henri Poincaré, it is the best to take a 10 minutes walk to the
station “Luxembourg”, see map below, and take the train RER B into the direction “MitryClaye”. It leaves the station “Luxembourg” at 19:48 and reaches the station “Châtelet-Les
Halles” at 19:53. From there, it is a 5 minutes walk to the restaurant, see map on next page.

RER B

Station “Luxembourg”

Institut Henri Poincaré
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“La Fresque”

Station“Châtelet-Les Halles”

RER B

6

15th GAMM-Seminar on
Microstructures

Program

Institut Henri Poincaré, Paris
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8:15– 8:25

registration

8:25– 8:35

opening remarks

8:35– 9:15

D. Kochmann
(keynote)

On the kinetics of microstructural evolution in ferroelectric ceramics (see page 14)

9:15– 9:40

M. I. Idiart

Influence of second-phase inclusions on the electrodeformation of ferroelectric ceramics (see page 26)

9:40–10:05

M. Labusch

3D Preisach model for magnetostrictive solids based
on orientation distribution functions (see page 31)

10:05–10:30

M. Wagner

Elastic anisotropy, compatibility stresses and plastic
slip in twinned microstructures (see page 40)

10:30–11:00

coffee

11:00–11:40

M. Peletier
(keynote)

Variational convergence for the analysis of boundary
layers in dislocation pileups (see page 17)

11:40–12:05

J.-F. Babadjian

Reduced models for linearly elastic thin films allowing
for fracture, debonding or delamination (see page 20)

12:05–12:30

F. Iurlano

Existence theorem for the Griffith fracture problem in
dimension two (see page 27)

12:30–12:55

R. Knops

Uniqueness in the linear continuum theory of dislocations (see page 29)

12:55–14:20

lunch

14:20–14:45

H. Petryk

Sharp versus diffuse interfaces in size-dependent microstructures in crystals (see page 37)

14:45–15:10

M. E. Jabbour

Revisiting Surface Instabilities Via Nonequilibrium
Thermodynamics (see page 28)

15:10–15:35

P. Neff

Loss of ellipticity for non-coaxial plastic deformations
in additive logarithmic finite strain plasticity (see page
35)

15:35–16:00

K. Pham

Variational formulation and stability analysis of a superelastic shape-memory-alloys model (see page 36)
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16:00–16:30

coffee

16:30–16:55

K. Hackl

Modeling of microstructures in a Cosserat continuum
using relaxed energies (see page 25)

16:55–17:20

S. Conti

Pattern formation in compressed elastic sheets: the
case of indented cones (see page 21)

17:20–17:45

P. M. Mariano
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P. P. Castañeda

Fully optimized second-order variational estimates for
nonlinear composites (see page 38)
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GAMM activity group meeting

20:15

Conference dinner

For directions to the restaurant “La Fresque”, please see page 5.
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Gradient Damage Models coupled with Plasticity (see
page 15)

9:30– 9:55

S. Forest

Nonquadratic potentials in gradient plasticity and
phase field models (see page 23)

9:55–10:20

R. Alessi

Energetic formulation for rate-independent processes:
remarks on discontinuous evolutions with a simple example (see page 18)
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A class of analytical models for porous single crystals
with ellipsoidal voids (see page 22)

10:45–11:15
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A. Gloria
(keynote)

From Polymer Physics to Nonlinear Elasitcity (see page 13)

11:55–12:20

B. Schweizer

Dispersive models for waves in heterogeneous media
(see page 39)

12:20–12:45

T. Yamada

Design of Periodic Microstructures Considering Dispersive Effect in Wave Propagation (see page 41)

12:45–13:10

B. Audoly

One-dimensional models for nonlinearly-elastic and
visco-plastic bars (see page 19)

13:10–14:40

lunch

14:40–15:05

V. Kouznetsova

Multi-scale modelling of locally resonant metamaterials towards an enriched continuum (see page 30)

15:05–15:30

F. Fritzen

Reduced basis multiscale variational formulation of
multiscale problems (see page 24)

15:30–15:55

J. LLorca

Multiscale Micromechanical Model of Needlepunched
Nonwoven Fabrics (see page 32)
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Wave Propagation In Relaxed Micromorphic Continua: Modeling Meta-materials Exhibiting Frequency
Band-gaps (see page 33)
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closing remarks
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From Polymer Physics to Nonlinear Elasticity
Antoine Gloria1
1
Université Libre de Bruxelles (ULB), Brussels, Belgium, and Project-Team SIMPAF, Inria Lille Nord Europe, Villeneuve d’Ascq, France

Rubber-like materials are essentially random networks of interacting polymer-chains. The
behaviour of polymer-chain networks is well-understood in the framework of statistical physics, and characterised by meaningful physical parameters. In the continuum setting however,
there is hardly a consensus on the form of the energy density to be used to model rubber-like
materials, and the associated parameters hardly have a mechanical meaning beyond small
deformations. In this talk I will present a state-of-the-art of the long term endeavour to relate the statistical physics description to the continuum mechanics of rubber-like materials.
Emphasis will be put on the multidisciplinary aspect of this program, and more specifically
on the questions of mathematical analysis it raises.
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On the kinetics of microstructural evolution in ferroelectric ceramics
Neel P. Nadkarni1 , Wei Lin Tan1 , Felix Göküzüm2 , Dennis M. Kochmann1
1
Graduate Aerospace Laboratories, California Institute of Technology, Pasadena, U.S.A.
2
University of Stuttgart, Stuttgart, Germany.

Ferroelectric ceramics such as lead zirconate titanate (PZT) are of utmost technological
importance, owing to their electro-mechanical coupling which is exploited in sensors and
actuators. Conventional use includes the application of small electric fields to result in small
reversible strains (the inverse piezoelectric effect), or the production of a voltage in response to
applied strains (the piezoelectric effect). This approximately linear relation between eletrical
and mechanical fields breaks down when large electric fields (or large compressive stresses)
are applied, which leads to permanent microstructural changes. Specifically, domain switching
occurs which irreversibly alters the state of polarization by modifying the complex domain
structure at the micron- to nanometer scales. An accurate description of the material behavior
subjected to combined electro-mechanical loads thus requires models that account for the
intricate mechanisms of domain reorganization.
Most conventional models for ferroelectrics have a rigorous first-principles basis for the thermodynamic formulation of the energetic potentials (including mechanical strain energy density as well as electrical energy and coupling terms). This includes efficient sharp-interface
models using, e.g., lamination or convexification strategies [1], as well as diffuse-interface models such as phase field approaches [2,3]. Unfortunately, the kinetics of domain wall motion
are insufficiently understood at present, which necessitates phenomenological assumptions
for the kinetics of volume fraction changes (in sharp interface models) or for the mobility of
domain walls (in diffuse interface models). Microstructural kinetics are particularly challenging since they involve time scales above atomistics, and length scales out of reach for most
experiments.
We discuss the state of the art and present continuum models for the microstructural evolution of ferroelectric ceramics that aim for a more accurate description of the microstructural
kinetics. In particular, we theoretically link the motion of (sharp) domain interfaces to the
(diffuse) phase field description commonly employed in domain switching simulations. The
efficient macroscale model is based on a combination of Taylor-type modeling of polycrystals with convexification-based modeling of domain patterns; the microscale model uses a
3D phase field formulation. We also present experimental results that probe the effective,
collective impact of the microstructural kinetics in an electro-mechanically-coupled setting
for the example of polycrystalline-polydomain PZT [4,5].
References
[1] Y. C. Shu, K. Bhattacharya [2001], ”Domain patterns and macroscopic behaviour of ferroelectric
materials”, Philos. Mag. 81, 2021–2054,
[2] W. Zhang, K. Bhattacharya, [2005], ”A computational model of ferroelectric domains. Part I:
model formulation and domain switching”, Acta Mater. 53, 185–198,
[3] Y. Su, C.M. Landis [2007], ”Continuum thermodynamics of ferroelectric domain evolution: Theory, finite element implementation, and application to domain wall pinning”, J. Mech. Phys. Solids
55, 280–305,
[4] J.-B. le Graverend, C. S. Wojnar, D. M. Kochmann [2015], ”Broadband Electromechanical Spectroscopy: characterizing the dynamic mechanical response of viscoelastic materials under temperature and electric-field control in a vacuum environment”, J. Mater. Sci. 50, 3656–3685,
[5] C. S. Wojnar, J.-B. le Graverend, D. M. Kochmann [2014], ”Broadband control of the viscoelasticity of ferroelectrics via domain switching”, Appl. Phys. Lett. 105, 162912.
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Gradient Damage Models coupled with Plasticity
J.-J. Marigo1
1
Laboratoire de M’ecanique des Solides, Ecole Polytechnique, 91128 Palaiseau Cedex, France.

It is now well established that gradient damage models are very efficient to account for the
behavior of brittle and quasi-brittle materials. Their basic ingredients are: (i) a decreasing
dependency of the stiffness E(α) on the damage variable α; (ii) no more rigidity at the
ultimate damage state (say E(1) = 0); (iii) a critical stress σc ; (iv) a softening behavior
with a decrease of the stress from σc to 0 when the damage goes to 1; (v) a gradient damage
term in the energy which necessarily contains an internal length ℓ and which limits the
damage localization. Accordingly, the process of crack nucleation is as follows [3]: (i) a first
damage occurs when the stress field reaches the critical stress somewhere in the body; (ii)
then, because of the softening character of the material behavior, damage localizes inside a
strip the width of which is controlled by the internal length ℓ; (iii) the damage grows inside
this strip, but not uniformly in space (the damage is maximal at the center of the strip and
is continuously decreasing to 0 so that to match with the undamaged part of the body at
the boundary of the strip); (iv) a crack appears at the center of the strip when the damage
reaches there its ultimate value (say α = 1). During this crack nucleation process, some
energy is dissipated inside the damage strip and this dissipated energy involves a quantity
Gc which can be considered as the effective surface energy of Griffiths theory. Therefore,
Gc becomes a byproduct of the gradient damage model which can be expressed in terms
of the parameters of the model (specifically, Gc is proportional to σc2 ℓ/E(0)). However, this
type of quasi-brittle models are not able to account for residual strains and consequently
cannot be used in ductile fracture. Moreover there is no discontinuity of the displacement
in the damage strip before the loss of rigidity at its center, i.e. before the nucleation of a
crack. In other words such a model cannot account for the nucleation of cohesive cracks, i.e.
the existence of surface of discontinuity of the displacement with a non vanishing stress. The
natural way to include such effects is to introduce plastic strains into the model and to couple
their evolution with damage evolution. Of course, this idea is not new and a great number
of damage models coupled with plasticity have been developed from the eighties in the spirit
of [2]. But our purpose is to construct such models in a softening framework with gradient
of damage terms and to see how these models can account for the nucleation of cracks in
presence of plasticity. In our knowledge, the previous works are not able to go so far. Here we
will adopt a variational approach in the spirit of our previous works [1]. The main ingredients
are the following ones: (i) one defines the total energy of the body in terms of the state fields
which include the displacement field and the internal variable fields, namely the damage, the
plastic strain and the cumulated plastic strain fields; (ii) one postulates that the evolution of
the internal variables is governed by the three principles of irreversibility, stability and energy
balance. In particular, the stability condition is essential as well for constructing the model
in a rational and systematic way as for obtaining and proving general properties. Besides,
we have the chance that the variational approach works and has been already developed
both in plasticity and in damage mechanics, even though only separately up to now. So,
it suffices to introduce the coupling by choosing the form of the total energy to obtain, by
virtue of our plug and play device, a model of gradient damage coupled with plasticity. A
part of our paper will be devoted to this task. Specifically, our model, presented here in a
three-dimensional setting, contains three state functions, namely E(α), d(α) and σ̄P (α) which
give the dependence of the stiffness, the local damage dissipated energy and the plastic yield
stress on the damage variable. So, our choice of coupling is minimalist in the sense that it
15
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simply consists in introducing this dependence of the yield plastic stress σP (α) on the damage
variable (with the natural assumption that σP (α) goes to 0 when the damages goes to 1). In
turn, by virtue of the variational character of the model, the product σP′ (α)p̄ of the derivative
of the state function σP (α) by the cumulated plastic strain p̄ enters in the damage criterion
and this coupling plays a fundamental role in the nucleation of a cohesive crack.

FIGURE 1. Localization damage process with nucleation of a cohesive crack
at the center of the damage zone

References
[1] B. Bourdin, G. A. Francfort, and J.-J. Marigo. The variational approach to fracture. Journal of
Elasticity, 91(1-3):5-148, 2008.
[2] J. Lemaitre and J. Chaboche. Mécanique des matériaux solides. Bordas, 1985.
[3] K. Pham, H. Amor, J.-J. Marigo, and C. Maurini. Gradient damage models and their use to
approximate brittle fracture. International Journal of Damage Mechanics, 20(4):618-652, 2011.
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Variational convergence for the analysis of boundary layers in dislocation pileups
Mark Peletier1
1
Department of Mathematics and Computer Science, Eindhoven University of Technology, Eindhoven,
The Netherlands.

Plasticity, the permanent deformation that one observes in metals, is the net effect of the
movement of a large number of microscopic defects in the atomic lattice. These defects, called
dislocations, are curve-like topological mismatches, and migrate through the metal under the
influence of internal and external forces. Macroscopic, permanent, deformation arises through
the concerted movement of a large number of these dislocations.
It is a major challenge to connect a microscopic description of dislocation movement on one
hand with models of macroscopic plastic behaviour on the other hand. At this stage we are
not able to do this; there is a major gap between the models at these different spatial and
temporal scales. Part of the difficulty lies in the complex interactions between dislocations:
they attract and repel each other, and form complex higher-level structures that appear to
play an important role in determining the macroscopic behaviour.
In this talk I will report on a much more modest result. Dislocations ‘pile up’ at boundaries
of the grains, through which they can not easily pass. These pileups give rise to a net force
on the grain boundary, which can have macroscopic consequences. In this talk we study
these pileups, and give a description at two levels, corresponding to a ’bulk’ behaviour and a
boundary-layer behaviour.
The methods we use are those of variational calculus, specifically Gamma-convergence at
two different scales. These yield descriptions of the behaviour, both in the bulk and in the
boundary layer, in terms of limiting energies.
This work is together with Adriana Garroni, Patrick van Meurs, and Lucia Scardia.
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Energetic formulation for rate-independent processes: remarks on discontinuous
evolutions with a simple example
Roberto Alessi1
1
Department of Mathematics (SAPIENZA-Università di Roma), Rome, Italy

In this work, we discuss in the simplest way some open issues concerning the energetic formulation for the modeling of rate-independent processes by means of a simple onedimensional example, [1]. Early and unphysical jumps are avoided taking advantage of a
time-reparametrization and enforcing an energy imbalance during time-discontinuous transitions. A new energetic selective criterion is then introduced able to predict the final state
after a jump and representing intrinsically the energy contribution of rate-dependent phenomena as inertia and viscosity that may arise during fast discontinuous transitions. An
improved version of the energetic formulation is finally proposed, preserving completely the
rate-independent setting. Some implications of such improved theory will be shown within
the field of damage mechanics [2] and superelastic SMA modeling [3].
References
[1] A. Mielke [2006] ”A Mathematical Framework for Generalized Standard Materials in the RateIndependent Case”, in Multifield Problems in Solid and Fluid Mechanics 28, 399–428
[2] K. Pham, J.-J. Marigo, C. Maurini [2011], ”The issues of the uniqueness and the stability of the
homogeneous response in uniaxial tests with gradient damage models”, Journal of the Mechanics
and Physics of Solids 59, 1163–1190
[3] R. Alessi, D. Bernardini [2015], ”Analysis of localization phenomena in Shape Memory Alloys
bars by a variational approach”, International Journal of Solids and Structures 73-74, 113–133
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One-dimensional models for nonlinearly-elastic and visco-plastic bars
Basile Audoly1 , John Hutchinson2
1
Laboratoire de Mécanique des Solides, École Polytechnique et CNRS, Palaiseau, France
2
School of Engineering and Applied Sciences, Harvard University, Cambridge, MA 02138, USA

With the aim to analyze the necking localization of a stretched bar, we derive 1D models
by carrying out dimensional reduction on slender prismatic solids. We consider two types of
constitutive laws: (i ) nonlinearly elastic materials, such that the traction curve of homogeneous solutions admits a maximum load (analysis of elastic necking); (ii ) an incompressible
visco-plastic material (analysis of necking in rate-dependent materials). In both cases, we
consider non-homogeneous 3D solutions varying slowly in the longitudinal direction, an assumption relevant to the early stage of necking. For the case (i ), we derive a second gradient
model and obtain a simple formula for the second-gradient modulus [4]; this formula is valid
for arbitrary cross-sectional geometries and for a compressible of incompressible, orthotropic
material. By doing so, we extend to 3D the analysis of Mielke [1], and correct the expressions
of the second-gradient modulus found in the classical analyses of circular cylinders [2,3] where
the curvature of the cross-sections is ignored. Next, we show that the case of a material of
the type (ii ) can be handled similarly, and we derive a 1D model that allows one to analyze
the effect of rate-dependence on necking in a one-dimensional framework.
References
[1] A. Mielke. Hamiltonian and Lagrangian flows on center manifolds, with application to elliptic
variational problems, volume 1489 of Lecture notes in mathematics. Springer-Verlag, 1991.
[2] S. S. Antman and E. R. Carbone. Shear and necking instabilities in nonlinear elasticity. Journal
of Elasticity, 7(2):125–151, 1977.
[3] B. D. Coleman and D. C. Newman. On the rheology of cold drawing. I. elastic materials. Journal
of Polymer Science: Part B: Polymer Physics, 26:1801–1822, 1988.
[4] B. Audoly and J. W. Hutchinson. Analysis of necking based on a one-dimensional model. Journal
of the Mechanics and Physics of Solids, 2015. To appear.
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Reduced models for linearly elastic thin films allowing for fracture, debonding or
delamination
Jean-François Babadjian1 , Blaise Bourdin2 , Duvan Henao3 , Andres Leon Baldelli4, Corrado Maurini5
1
Sorbonne Universités, UPMC Univ. Paris 6, Laboratoire Jacques-Louis Lions, F-75005, Paris, France
2
Department of Mathematics and Center for Computation & Technology, Louisiana State University,
Baton Rouge, U.S.A.
3
Facultad de Matemáticas, Pontificia Universidad Católica de Chile, Santiago, Chile
4
Mathematical Institute, University of Oxford, Oxford, U. K.
5
Sorbonne Universités, UPMC Univ. Paris 6, Institut Jean Le Rond dAlembert, Paris, France

This talk is devoted to highlight the interplay between fracture and delamination in thin films.
The usual scaling law on the elasticity parameters and the toughness of the medium with
respect to its thickness gives rise to traditional cracks which are invariant in the transverse
direction. We will show that, upon playing on this scaling law, it is also possible to observe
debonding effects (delamination as well as decohesion) through the appearance of cracks
which are orthogonal to the thin direction. Starting from a three-dimensional brittle elastic
thin film, we will first present how both phenomena can be recovered independently through
a Γ-convergence analysis as the thickness tends to zero. Then, working on a “toy modelfor
scalar anti-plane displacements, we will show how both phenomena can be obtained at the
same time. Some partial results in the full three-dimensional case will be presented.
References
[1] A. A. Leon Baldelli, J.-F. Babadjian, B. Bourdin, D. Henao, C. Maurini: A variational model for
fracture and debonding of thin films under in-plane loadings, J. Mech. Phys. Solids, 70 (2014),
320-348.
[2] J.-F. Babadjian, D. Henao: Reduced models for linearly elastic thin films allowing for fracture,
debonding or delamination, submitted.
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Pattern formation in compressed elastic sheets: the case of indented cones
Sergio Conti1
1
Institut für Angewandte Mathematik, Universität Bonn

Elastic thin sheet under compression form a wide range of microstructures. In the case of a
flat reference configuration, a complex structure arises, with point singularities connected by
ridges. Compressing a spherical shell, as for example a table-tennis ball, different types of
deformation are observed: a cylindrically-symmetric pattern at small compression, where the
buckled region has a round boundary, and a polygonal-shaped pattern with lower symmetry
at large compression [3].
In the case of a conical reference configuration a detailed mathematical analysis is possible
[2]. Assuming cylindrical symmetry, a transition between a regime with deformation close to
the boundary at small strain and one with buckling close to the center is observed. At larger
strain, an extension of the construction from [1] proves that a broken-symmetry buckling
pattern has lower energy than any radially symmetric deformation.
References
[1] Sergio Conti and Francesco Maggi [2008]. Confining thin elastic sheets and folding paper. Arch.
Ration. Mech. Anal., 187:1–48.
[2] Sergio Conti, Heiner Olbermann and Ian Tobasco [2015]. Indented elastic cones. In preparation.
[3] H.H. Ruan, Z.Y. Gao, and T.X. Yu [2006]. Crushing of thin-walled spheres and sphere arrays.
International journal of mechanical sciences, 48:117–133.
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A class of analytical models for porous single crystals with ellipsoidal voids
Armel Mbiakop1 , Andrei Constantinescu1 , Kostas Danas1
1
LMS, Ecole Polytechnique, C.N.R.S.,École Polytechnique, University Paris Saclay, 91128 Palaiseau,
France

A class of rate-dependent and rate-independent constitutive models [1,2] for porous single
crystals with arbitrary crystal anisotropy (e.g., FCC, BCC, HCP etc) containing general
ellipsoidal voids is developed. The proposed model, denoted as modified variational model
(MVAR), is based on the nonlinear variational homogenization method, which makes use of
a linear comparison porous material to estimate the response of the nonlinear porous single
crystal. Periodic multi-void finite element simulations are used in order to validate the MVAR
for a large number of parameters including cubic (FCC, BCC) and hexagonal (HCP) crystal
anisotropy, various creep exponents (i.e., nonlinearity), several stress triaxiality ratios, general
void shapes and orientations and various porosity levels. The MVAR model, which involves
a priori no calibration parameters, is found to be in good agreement with the finite element
results for all cases considered in the rate-dependent context. The model is then used in a
predictive manner to investigate the complex response of porous single crystals in several cases
with strong coupling between the anisotropy of the crystal and the (morphological) anisotropy
induced by the shape and orientation of the voids. Finally, a simple way of calibrating the
MVAR with just two adjustable parameters is depicted in the rate-independent context so
that an excellent agreement with the FE simulation results is obtained. In this last case, this
proposed model can be thought as a generalization of the Gurson model in the context of
porous single crystals and general ellipsoidal void shapes and orientations.
References
[1] A. Mbiakop, A. Constantinescu, K. Danas [2015], “A model for porous single crystals with cylindrical voids of elliptical cross-section”, Int. J. Solids Struct. 64-65, 100–119,
[2] A. Mbiakop, A. Constantinescu, K. Danas [2015], “A model for porous single crystals with cylindrical voids of elliptical cross-section”, J. Mech. Phys. Solids, 84, 436–467,
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Nonquadratic potentials in gradient plasticity and phase field models
Samuel Forest1
1
Mines ParisTech CNRS UMR 7633

Quadratic dependence of the Helmholtz free energy potential on gradient variables is widely
used in strain gradient plasticity, including crystal plasticity involving the dislocation density
tensor, or phenomenological models used for the simulation strain localisation in softening
plasticity. This dependence can be shown to lead to unphysical scaling laws in the sizedependent plasticity of metals [4,5]. Power law, rank one and logarithmic potentials will be
used to introduce new aspects of plastic deformation mechanisms into the continuum models
[3,2]. Applications deal with the cyclic behaviour of laminate microstructures [6,7].
The phase field approach is used to model grain boundary migration in metals at high temperature during heat treatment or under mechanical load [1]. The model involves a nonquadratic potential with respect to lattice curvature.
References
[1] G. Abrivard, E.P. Busso, S. Forest, and B. Appolaire. Phase field modelling of grain boundary
motion driven by curvature and stored energy gradients. part i: theory and numerical implementation. Philosophical Magazine, 92:3618–3642, 2012.
[2] E. Bayerschen and T. Böhlke. Generalized defect energy in a gradient plasticity framework. arXiv.org:1507.06079, 2015.
[3] S. Conti and M. Ortiz. Dislocation microstructures and the effective behavior of single crystals.
Arch. Rational Mech. Anal., 176:103–147, 2005.
[4] N. M. Cordero, A. Gaubert, S. Forest, E. Busso, F. Gallerneau, and S. Kruch. Size effects in
generalised continuum crystal plasticity for two–phase laminates. Journal of the Mechanics and
Physics of Solids, 58:1963–1994, 2010.
[5] S. Forest. Questioning size effects as predicted by strain gradient plasticity. Journal of the
Mechanical Behavior of Materials, 22:101–110, 2013.
[6] S. Forest and N. Guéninchault. Inspection of free energy functions in gradient crystal plasticity.
Acta Mechanica Sinica, 29:763–772, 2013.
[7] S. Wulfinghoff, S. Forest, and T. Böhlke. Strain gradient plasticity modeling of the cyclic behavior
of laminate microstructures. Journal of the Mechanics and Physics of Solids, 79:1–20, 2015.
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Reduced basis multiscale variational formulation of multiscale problems
Felix Fritzen1 , Matthias Leuschner1
1
Efficient Methods for Mechanical Analysis Group, Institute of Applied Mechanics, University of
Stuttgart, Stuttgart, Germany

Solid materials with microstructure show a strong dependence of effective mechanical response
with respect to the microscopic distribution of the material properties and their geometrical
arrangement. Both the topology and the morphology of the inhomogeneities have a significant
impact on the overall response of the material which - viewed from a larger scale - appears
homogeneous at first. The prediction of the response of solid materials with consideration of
the multiscale character of the problem is a challenging task. First, it involves the postulation
of sensible assumptions. Second, these assumptions are translated into mathematical models.
Third, due to the lack of reliable (accurate yet feasible) analytical methods for many problem
settings, numerical methods are used to solve the often nonlinear problem. Moreover, the
microstructural information is statistic in nature: material properties and geometry are not
known to arbitrary precision at the smaller scale(s).
In this talk we focus on the computationally efficient solution of the twoscale problem. We
refer to the macroscale as the scale at which the structural problem is defined and to the
microscale as a smaller scale asserted to be eligible to a continuum mechanical treatment and
spatially clearly separated from the macroscale. Our interest is on the behavior of materials
in geometrically linear setting but with full consideration of the rate-dependent dissipative
effects at the small (and therefore also large) scale.
The computational efficiency requires two factors to be addressed: the storage memory needs
to be reduced significantly and the computing time needs to be lowered by several orders
of magnitude. Both aims can be realized by using the pRBMOR (potential bases reduced
basis model order reduction) proposed in [1, 2]: a reduced basis approach for the internal
variables is combined with micro-mechanical properties of the considered problem. Based on
the thereby obtained parameterization of the microscopic model an incremental variational
formulation is proposed in order to calculate the evolution of the new degrees of freedom. The
new model is not a mere acceleration of FE2 type simulations but has a new mathematical and
algorithmic structure. Only recently the approach was extended to materials with cohesive
interfaces [3].
We present a review on the recent developments of the method, e.g., regarding the efficient
identification of the reduced order model which can have a strong impact on both accuracy
and computing time. A survey on possible extensions towards other problem classes such
as large strain elasticity and inelasticity or the modification of the approach for the rapid
simulation of structural problems by generalization of the geometry and boundary conditions.
References
[1] F. Fritzen, M. Leuschner [2013]. “Reduced basis hybrid computational homogenization based on
a mixed incremental formulation”, Comput Methods in Appl Mech Eng 260, 143–154
[2] F. Fritzen, M. Hodapp, M. Leuschner [2014]. “GPU accelerated computational homogenization
based on a variational approach in a reduced basis framework”, Comput Methods in Appl Mech
Eng 278, 186–217
[3] F. Fritzen, M. Leuschner [2015]. “Nonlinear reduced order homogenization of materials including
cohesive interfaces”, Comput Mech 56, 131–151
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Modeling of microstructures in a Cosserat continuum using relaxed energies.
Klaus Hackl1 , Muhammad Sabeel Khan1
1
Institute of Mechanics of Materials, Ruhr-Universität Bochum, Bochum Germany

A continuum model for granular materials exhibiting microstructures is presented using the
concept of energy relaxation. In the framework of Cosserat continuum theory the free energy
of the material is enriched with an interaction energy potential taking into account the counter rotations of the particles. The total energy thus becomes non-quasiconvex, giving rise to
the development of microstructures. Relaxation theory is then applied to compute its exact
quasiconvex envelope. It is worth mentioning that there are no further assumptions necessary
here. The computed relaxed energy yields all possible field fluctuations of displacements and
micro-rotations as minimizers. We show that the material behavior can be divided into three
different regimes. Two of the material phases are exhibiting microstructures in rotational and
translational motion of the particles, respectively, and the third one is corresponding to the
case where there is no internal structure of the deformation field. The properties of the proposed model are demonstrated by carrying out numerical computations. The obtained results
exhibit a number of unexpected features, for example the transition between distributed and
localized microstructures.
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Influence of second-phase inclusions on the electro-deformation of ferroelectric
ceramics
Cristian J. Bottero1,2 , Martı́n I. Idiart1,2
1
Departamento de Aeronáutica, Facultad de Ingenierı́ra, Universidad Nacional de La Plata,
Avda. 1 esq. 47 S/N, La Plata B1900TAG, Argentina
2
Consejo Nacional de Investigaciones Cientı́ficas y Técnicas (CONICET), CCT La Plata, Calle 8 N
1467, La Plata B1904CMC, Argentina.

Theoretical estimates are given for the overall dissipative response of ferroelectric ceramics
with second-phase inclusions, under arbitrary electromechanical loading histories. The ferroelectric behavior of the constituent phases is described via a stored energy density and
a dissipation potential in accordance with the theory of generalized standard materials. An
implicit time-discretization scheme is used to generate a variational representation of the
overall response in terms of a single incremental potential. Estimates are then generated by
constructing sequentially laminated microgeometries of particulate type whose overall incremental potential can be computed exactly. Because they are realizable, by construction, these
estimates are guaranteed to conform with any material constraints, to satisfy all pertinent
bounds, and to exhibit the required convexity properties with no duality gap.
By way of example, the theory is used to study the influence of metallic particles and of
microcavities on the electro-deformability of a lead zirconate titanate. In particular, the role
of remanent polarization fluctuations on the piezoelectric properties is assessed. The analysis
suggests that the popular assumption of material homogeneity within the ferroceramic matrix
can lead to inaccurate estimates for the effective piezoelectric properties.
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Existence theorem for the Griffith fracture problem in dimension two
Sergio Conti1 , Matteo Focardi2 , Flaviana Iurlano1
Institut für Angewandte Mathematik, Universität Bonn, Bonn, Germany
2
DiMaI, Università di Firenze, Firenze, Italy
1

The Griffith model for brittle fracture is based on the balance between elastic and surface
energy, the latter assumed to be proportional to the fractured area. In two dimensions the
energy functional takes the form
Z
1
E(Γ, u) :=
Ce(u) · e(u)dx + H1 (Γ)
2 Ω\Γ
and it is complemented by suitable boundary conditions. Here Ω ⊂ R2 is the reference
configuration, Γ ⊂ Ω is the crack, and u : Ω \ Γ → R2 is the displacement.
The static problem of minimizing E among all pairs (Γ, u), with Γ closed in Ω and u smooth
out of Γ, is completely solved in the case of antiplane shear, where u can be assumed to be
scalar and e(u) can be replaced by ∇u. This was the object of [1] by De Giorgi, Carriero,
and Leaci in the context of image segmentation, where E is known as the Mumford–Shah
functional.
Our aim is to extend the work [1] to the general vector-valued case of linearized elasticity in
dimension two. The crucial point in the proof is the usage of a new Poincaré-type inequality
in SBD recently obtained by the authors.
References
[1] E. De Giorgi, M. Carriero, A. Leaci [1989], “Existence theorem for a minimum problem with free
discontinuity set”, Arch. Rational Mech. Anal. 108, 195–218.
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Revisiting Surface Instabilities Via Nonequilibrium Thermodynamics
Michel E. Jabbour1
1
Laboratoire de Mécanique des Solides, École Polytechnique, 91128 Palaiseau, France

At the nanoscale, the surface of a crystalline thin film consists of atomic steps separating flat
terraces. During growth by, say, molecular beam epitaxy, or sublimation, the surface evolves
by diffusion of adsorbed atoms (adatoms) and their attachment to, or detachment from, the
steps. In this step-flow regime, two instabilities have been observed: step meandering, whereby
flat steps become wavy, and bunching, which consists of a transition from a surface of nearly
constant step density to one in which regions of high step density (bunches) are separated by
wide terraces. Beyond the scientific challenges that their modeling poses, these instabilities
are of technological interest insofar as they pave the way for the patterning of crystal surfaces
via the self assembly of nanostructures.
Existing models of step dynamics are, to varying degrees, extensions of the classical work of
Burton, Cabrera and Frank [1]. Despite its many successes, several experiments remain at
odds with the predictions of this BCF theory. For instance, it does not capture the simultaneous occurrence of step bunching and meandering on metallic and semiconductor surfaces,
as observed by N eel et al. [2]. Nor can it account for the multiple stability reversals, with
increasing temperature, between a flat surface morphology (equidistant steps) and a facetted
one (step bunches), as observed during growth/sublimation of silicon thin films in the presence of an applied electric field, cf. Krug [3] and the references therein. In this talk, based on
joint work with N. Kirby and Y. Chen [4], I will present a generalization of the BCF theory,
one that is consistent with nonequilibrium thermodynamics and can serve to reconcile it with
the aforementioned experiments.
References
[1] W.K. Burton, N. Cabrera, and F.C. Frank [1951], The growth of crystals and the equilibrium of
their surfaces, Philosophical Transactions of the Royal Society of London (Series A) 243, 299358.
[2] N. N’eel, T. Maroutian, L. Douillard, and H.-J. Ernst [2003], From meandering to faceting, is
step flow growth ever stable?, Physical Review Letters 91, 226103.
[3] J. Krug [2005], Introduction to step dynamics and step instabilities, in A. Voigt (ed.), Multiscale
Modeling in Epitaxial Growth (Birkhäuser, Basel), 6995.
[4] Y. Chen, M.E. Jabbour and N. Kirby, Revisiting the stability of vicinal surfaces in the presence
of adatom electromigration via nonequilibrium thermodynamics, in preparation.
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Uniqueness in the linear continuum theory of dislocations
Robin Knops1
1
The Maxwell Institute of Mathematical Sciences and School of Mathematical and Computing
Sciences, Heriot-Watt University, Edinburgh, UK

Certain aspects of uniqueness, and therefore completeness, are discussed for the static, quasistatic, and dynamic dislocation problems in classical linear elasticity. A continuous distribution of dislocations is assumed whose (evolving) density, taken as principal data, is supplemented by specified standard initial and boundary conditions. Existence of a elastic distorsion
tensor is postulated.
In the static and quasi-static traction boundary value problems the stress is uniquely determined by the stated data. By contrast, this data is insufficient to uniquely determine either
the stress or total displacement in the quasi-static mixed boundary value problem and in the
initial boundary value problems. The inderterminacy is precisely identified and illustrated
by the example of a screw dislocation moving uniformly in an infinite region occupied by an
isotropic linear elastic body.
The work is joint with Professor Amit Acharya of Carnegie-Mellon University.
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Multi-scale modelling of locally resonant metamaterials towards an enriched continuum
Varvara Kouznetsova1 , Ashwin Sridhar1 , Marc Geers1
1
Eindhoven University of Technology, Eindhoven, The Netherlands

In recent years, significant progress has been achieved in the development of the so-called
metamaterials, exhibiting exotic properties, usually not existent in natural materials. One
of the examples are the acoustic metamaterials designed to attenuate wave propagation in
certain frequency ranges. The unique features of these metamaterials originate from the complex interaction of transient phenomena at the microscopic and macroscopic scales, with local
resonance occurring within (one of the) micro-constituents resulting in effective band gaps at
the macroscale.
In the previous work, a transient computational homogenization of FE2 type has been proposed, applicable to general non-linear materials [1]. This approach opens new ways to design of
these materials, however the technique is computationally demanding. The present contribution will focus on a particular case of linear elastic materials only. In this case, it is possible
to develop a framework leading to a closed-form homogenized ef- fective continuum model,
in which the microscale inertia effects, e.g. the local resonance, emerge at the macroscale as
the enriched degrees of freedom. To this end, an extended first-order computational homogenization framework is used to establish the scale coupling. At the microscale, static-dynamic
superposition of Craig-Bampton type is applied to solve in an off-line stage and subsequently eliminate the microscale problem, resulting in a compact closed form description of the
micro-dynamics that captures the local resonance phenomena. Upon substitution of the reduced microscale model into the scale transition relations, the resulting macroscale equations
represent an enriched continuum in which additional kinematic degrees of freedom emerge to
account for local resonance effects which would otherwise be absent in a classical continuum.
Such an approach retains the accuracy and robustness offered by a standard two-scale coupled computational homogenization implementation, while significantly reducing the problem
size and the computational time to the on-line solution of one scale only. The approach is
validated against the direct numerical simulations and is shown to accurately describe the
low-frequency effective behaviour of a local resonant material inside, as well as outside, the
frequency band gaps.
References
[1] K. Pham, V.G. Kouznetsova, M.G.D. Geers [2013], Transient computational homogenization for
heterogeneous materials under dynamic excitation, Journal of the Mechanics and Physics of Solids
61, 2125-2146
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3D Preisach model for magnetostrictive solids based on orientation distribution
functions
Matthias Labusch1 , Jörg Schröder1
Institute of Mechanics, University of Duisburg-Essen, Germany

1

Magnetostrictive as well as piezoelectric devices are used in a broad spectrum of technical
applications, such as sensor or actuator technologies. They operate on the basis of the special characteristics of the integrated materials, which show a magneto-mechanical or electromechanical coupling. By applying an external magnetic or electric field, such materials react
with a mechanical deformation. However, the interaction between the applied field and the
material response is highly non-linear concerning their magnetization or electric polarization, respectively, as well as their mechanical deformations. Therefore, a realistic and exact
modeling of these ferromagnetic- and ferroelectric properties is important to predict the functionality of such devices. In order to simulate the characteristic magnetization and mechanical
butterfly hysteresis loops, we employ a three-dimensional Preisach model for magnetostrictive
solids. In detail, we decompose the magnetic induction and mechanical deformations into a
linear reversible and a non-linear irreversible part, see for example [3]. The irreversible part
of the magnetic induction, which describes the remanent magnetization of the material, is
approximated with a Preisach operator, see [1], [2], [4] or [5]. This Preisach operator approximates the magnetization by a superposition of multiple relays, which show an ”up” or
”down” magnetization, described with different switching thresholds. Each relay is further
multiplied with a suitable weighting factor such that the superposition of all relays yield the
non-linear hysteresis loop. The resulting magnetization is then used to determine the remanent deformations. In contrast to the classical Preisach model, which is based on a scalar
valued function, we extended the model to the three-dimensional space. Therefor, we apply
the Preisach operator in each direction of an orientation distribution function. Numerical
examples show the performance of the implemented model.
References
[1] F. Preisach [1935], ”Über die magnetische Nachwirkung”, Zeitschrift für Physik 94, 277–302,
[2] I.D. Mayergoyz and G. Friedman [1988], ”Generalized Preisach Model of Hysteresis”, IEEE Transactions on Magnetics 24, 212–217,
[3] M. Kamlah and C. Tsakmakis [1999], ”Phenomenological modeling of the non-linear electromechanical coupling in ferroelectrics”, International Journal of Solids and Structures 36, 669–695,
[4] T. Hegewald, B. Kaltenbacher, M. Kaltenbacher and R. Lerch [2008], ”Efficient modeling of
ferroelectric behavior for the analysis of piezoceramic actuators”, Journal of Intelligent Material
Systems and Structures 19, 1117–1129,
[5] M. Kaltenbacher, B. Kaltenbacher, T. Hegewald and R. Lerch [2010], ”Finite Element Formulation
for Ferroelectric Hysteresis of Piezoelectric Materials”, Journal of Intelligent Material Systems
and Structures 21, 773–785
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Multiscale Micromechanical Model of Needlepunched Nonwoven Fabrics
F. Martı́nez-Hergueta1 , Alvaro Ridruejo2 , Carlos González1,2 , Javier LLorca1,2
1
IMDEA Materials Institute, 28906 - Getafe, Madrid, Spain
2
Polytechnic University of Madrid, 28040 - Madrid, Spain

Nonwoven fabrics are a class of textile materials used in many different applications (including thermal insulation, geotextiles, fireproof layers, filtration and water absorption, ballistic
impact, etc.) because of their low processing cost and the possibility to tailor the properties
by manipulating the fiber nature, the pore size or the interfiber bond. From the viewpoint of
the mechanical performance, nonwoven fabrics present lower stiffness and strength than the
woven counterparts but much higher ductility and energy-absorption capability. Deformation
of nonwoven fabrics involves a number of different mechanisms, including fiber straightening,
bond failure and fiber reorientation as well as fiber sliding and fracture, and the sequence of
activation and their interaction depend on a number of factors, such as the nature of the
fibers and of the interfiber bonds [1]. The analysis of the failure mechanisms is further complicated by the disordered microstructure of the nonwoven and by the development in some
cases of non-affine deformation i.e. the macroscopic strain is not homogeneously transferred
to the fiber network leading to the formation of loading paths that percolate the network.
A constitutive model for the mechanical behavior of a mechanically-entangled nonwoven fiber
network is presented. The model is built upon a detailed characterization of the dominant
deformation and failure mechanisms at different length scales (fiber, bundle, network) [2]
and accounts for the effects of non-affine deformation, anisotropic connectivity induced by
the entanglement points, fiber uncurling and re-orientation as well as fiber disentanglement
and pull-out from the knots. The model is intended to be used within the framework of the
finite element method and provides the constitutive response for a mesodomain of the fabric
corresponding to the volume associated to a finite element and is divided in two blocks. The
first one is the network model which establishes the relationship between the macroscopic
deformation gradient F and the microscopic response obtained by integrating the response of
the fibers in the mesodomain. The second one is the fiber model, which takes into account the
deformation features of each set of fibers in the mesodomain, including uncurling, pull-out and
disentanglement. As far as possible, a clear physical meaning is given to the model parameters,
so they can be identified by means of independent tests. The numerical simulations based on
the model of the tensile deformation of a commercial needle-punched nonwoven fabric along
two perpendicular orientations were in very good agreement with the experimental results
in terms of the nominal stress - strain curve (including the large anisotropy in stiffness
and strength), the specimen shape and the evolution of the fiber orientation distribution
function with the applied strain. In addition, the model was able to simulate the effect of
fiber orientation on the ballistic response of the material.
References
[1] A. Ridruejo, R. Jubera, C. González, J. LLorca [2015], Inverse notch sensitivity: cracks can make
nonwoven fabrics stronger, Journal of the Mechanics and Physics of Solids 77, 61-69.
[2] F. Martı́nez-Hergueta, A. Ridruejo, C. González, J. LLorca [2015], Deformation and energy dissipation mechanisms of needle-punched nonwoven fabrics: a multiscale experimental analysis,
International Journal of Solids and Structures 64-65, 120-131.
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Wave Propagation In Relaxed Micromorphic Continua: Modeling Meta-materials
Exhibiting Frequency Band-gaps
Angela Madeo1 , Patrizio Neff2 , Dumitrel I. Ghiba2 , Giuseppe Rosi3
1
LGCIE SMS-ID, INSA-Lyon
2
Faculty of Mathematics, University of Duisburg-Essen
3
Université Paris-Est Créteil

Generalized continuum models are nowadays recognized to be a useful tool for the macroscopic description of the mechanical behavior of materials with heterogeneous microstructures
showing exotic properties and/or size effects. In particular, a recently introduced generalized
continuum model, which we called relaxed micromorphic has been shown to be well-adapted
to describe very exotic behaviors of micro-structured materials in the dynamic regime [1],
[2]. In particular, a relaxed micromorphic model is, to our knowledge, the only generalized
continuum model which is able to describe complete band gaps with respect to wave propagation. We study dispersion relations for the considered relaxed medium and we are able
to disclose precise frequency ranges for which propagation of waves is inhibited (frequency
band-gaps). We explicitly show that band-gaps phenomena cannot be accounted for by classical micromorphic models of the Mindlin-Eringen type as well as by Cosserat and second
gradient ones. We finally point out that such relaxed micromorphic model also gives rise to
some very intriguing mathematical questions regarding its well-posedness.
References
[1] A. Madeo, P. Neff, I.D. Ghiba, L. Placidi, G. Rosi [2015]. Wave propagation in relaxed micromorphic continua: modeling metamaterials with frequency band gaps. Continuum Mechanics and
Thermodynamics, 27, 551-570
[2] A. Madeo, P. Neff, I.-D. Ghiba, L. Placidi and G. Rosi [2015]. Band gaps in the relaxed linear
micromorphic continuum. Z. Angew. Math. Mech. (ZAMM), 95:9, 880-887
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Existence of ground states for mixture thin films undergoing large strains
Paolo Maria Mariano1
1
University of Florence, Firenze, Italy

We describe a mixture thin film as a membrane endowed with multiple out-of-tangent-plane
vectors at each point, with vector sequence defined to within a permutation to account for
the mixing of mixture components. Such a description is motivated by a 2000 proposal for an
atomistic-to-continuum derivation of a representation of multi-atomic layer thin films by G.
Friesecke and R. D. James, a view not requiring the introduction of phenomenological parameters [2]. Differences between that proposal and the model discussed here are the definition
of the values of the layer-descriptor map to within permutations and the explicit introduction
of a bending-like term in the energy. We consider surface-polyconvex (see [1]) the membrane
energy and a quadratic bending term involving the out-of-tangent-plane multiple vectors, a
term which is also quasiconvex. Under appropriate assumption for the energy growth and
Dirichlet-type boundary conditions, we prove existence of ground states satisfying a condition of non-degeneracy for the tangent plane. Essential tools in the proofs are special versions
of lower semicontinuity results obtained in [3] and 2-currents.
References
[1] P. G. Ciarlet, R. Gogu, C. Mardare [2013], ”Orientation-preservingconditionandpolyconvexityon
a surface: Application to nonlinear shell theory”, J. Math. Pures Appl. 99, 704–725,
[2] G. Friesecke, R. D. James [2000], ”A scheme for the passage from atomic to continuum theory
for thin films, nanotubes and nanorods”, J. Mech. Phys. Solids 48, 1519–1540,
[3] M. Focardi, P. M. Mariano, E. Spadaro [2015], ”Multi-value microstructural descriptors for complex materials: analysis of ground states”, Arch. Rational Mech. Anal. 217, 899–933.
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Loss of ellipticity for non-coaxial plastic deformations in additive logarithmic
finite strain plasticity
Ionel-Dumitrel Ghiba1,2 , Patrizio Neff1
Universität Duisburg-Essen, Essen, Germany
2
Alexandru Ioan Cuza University of Iaşi, Iaşi, Romania
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We consider the additive logarithmic finite strain plasticity formulation from the view point of
loss of ellipticity in elastic unloading [1]. We prove that even if an elastic√energy F 7→ W (F ) =
Ŵ (log U ) defined in terms of logarithmic strain log U , where U = F T F , is everywhere
f (F ) = Ŵ (log U − log Up ) need
rank-one convex as a function of F , the new function F 7→ W
not remain rank-one convex at some given plastic stretch Up (viz. Eplog := log Up ). This is
in complete contrast to multiplicative plasticity in which F 7→ W (F Fp−1 ) remains rankone convex at every plastic distortion Fp if F 7→ W (F ) is rank-one convex. We show this
disturbing feature with the help of a recently considered family of exponentiated Hencky
energies.
References
[1] P. Neff and I.-D. Ghiba [2015], ”Loss of ellipticity for non-coaxial plastic deformations in additive logarithmic finite strain plasticity”, submitted, preprint available at
http://arxiv.org/abs/1410.2819
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Variational formulation and stability analysis of a superelastic shape-memoryalloys model
Kim Pham1 , Roberto Alessi2
1
IMSIA, ENSTA ParisTech, CNRS, CEA, EDF, Universit Paris-Saclay, 828 Boulevard des Marchaux,
91762 Palaiseau Cedex, France
2
Università degli Studi di Roma La Sapienza, Rome, Italy

We present a variational framework for the three-dimensional macroscopic modeling of superelastic shape memory alloys in an isothermal setting. Phase transformation is accounted
through a unique second order tensorial internal variable, acting as the transformation strain.
Postulating the total strain energy density as the sum of a free energy and a dissipated energy, the model depends on two material scalar functions of the norm of the transformation
strain and a material scalar constant. Appropriate calibration of these material functions
allow to render a wide range of constitutive behaviours including stress-softening and stresshardening. The quasi-static evolution problem of a domain is formulated in terms of two
physical principles based on the total energy of the system: a stability criterion, which selects the local minima of the total energy, and an energy balance condition, which ensures
the consistency of the evolution of the total energy with respect to the external loadings.
The local phase transformation laws in terms of Kuhn-Tucker relations are deduced from the
first-order stability condition and the energy balance condition. Evolutions of homogeneous
states are given for proportional and non-proportional loadings in numerical experiments.
Finally, in view of an identification process, the issue of stability of homogeneous states in
multi-dimensional setting is answered based on the study of second-order order derivative of
the total energy.
References
[1] Alessi, R., Bernardini, D. [2015]. Analysis of localization phenomena in Shape Memory Alloys
bars by a variational approach. International Journal of Solids and Structures 7374, 113-133.
[2] Pham, K. [2014]. An energetic formulation of a one-dimensional model of superelastic SMA.
Continuum Mechanics and Thermodynamics 26 (6), 833-857.
[3] Souza, A. C., Mamiya, E. N., Zouain, N. [1998]. Three-dimensional model for solids undergoing
stress-induced phase transformations. European Journal of Mechanics - A/Solids 17 (5), 789-806.
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Sharp versus diffuse interfaces in size-dependent microstructures in crystals
Henryk Petryk1
1
Institute of Fundamental Technological Research, Polish Academy of Sciences, Warsaw, Poland

Formation of microstructures in single crystals of metal and alloys is generally explained by
energy minimization. Either total or incremental energy minimization is considered depending
of the physical mechanism of inelastic deformation, e.g. mechanical twinning, martensitic
phase transition or incremental plastic deformation by crystallographic slip. Competition
between the bulk and interfacial energy contributions provides a natural intrinsic length
scale and makes the microstructures size-dependent. The attention is focused here on the
differences and similarities between two distinct approaches to the modelling of size-dependent
microstructures in which the interfaces are treated as either sharp or diffuse. As the major
example, martensitic phase transformation in a shape memory alloy crystal is selected for
study. A finite-strain phase field model for shape memory alloys is developed introducing new
ingredients. The results calculated by using the finite-element phase-field model with diffuse
interfaces have been found in satisfactory agreement with the sharp-interface approach based
on the assumption of perfect laminates, in spite of the simplifying assumptions involved in the
latter approach. The phase-field model avoids tracking of individual interfaces and leads to an
efficient computational scheme for predicting the formation and evolution of microstructures
of initially unknown pattern. If the pattern is regarded as known then the effect of strain
gradients within diffusive interfaces can be directly compared to the effect of interfacial energy
associated with a sharp interface.
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Fully optimized second-order variational estimates for nonlinear composites
P. Ponte Castañeda1
1
University of Pennsylvania, Philadelphia, PA 19104-6315, USA

A variational method is developed to estimate the macroscopic constitutive response of composite materials consisting of aggregates of viscoplastic single-crystal grains and other inhomogeneities [1]. The method, which builds on earlier work [2-4], derives from a stationary
variational principle for the macroscopic stress potential of the viscoplastic composite in
terms of the corresponding potential of a linear comparison composite, whose viscosities and
eigenstrain rates are the trial fields in the variational principle. The resulting estimates for the
macroscopic response are guaranteed to be exact to second-order in the heterogeneity contrast
[5], and to satisfy known bounds [3]. In addition, unlike earlier ‘second-order’ methods, the
new method allows optimization with respect to both the viscosities and eigenstrain rates,
leading to estimates that are fully stationary and exhibit no duality gaps. Consequently, the
macroscopic response and field statistics of the nonlinear composite can be estimated directly
from the suitably optimized linear comparison composite, without the need for difficult-tocompute correction terms. The method is applied to a simple example of a porous single
crystal, and the results are found to be more accurate than earlier estimates [6,7].
References
[1] P. Ponte Castañeda [2016], “Fully optimized second-order variational estimates for the macroscopic response and field statistics in viscoplastic crystalline composites”, Proc. R. Soc. Lond. A,
in press.
[2] P. Ponte Castañeda [1991] “The effective mechanical properties of nonlinear isotropic composites”,
J. Mech. Phys. Solids 39, 45 – 71.
[3] G. deBotton, P. Ponte Castañeda [1995] “Variational estimates for the creep behavior of polycrystals“, Proc. R. Soc. Lond. A 448, 121–142.
[4] Y. Liu, P. Ponte Castañeda [2004] “Second-order theory for the effective behavior and field fluctuations in viscoplastic polycrystals”, J. Mech. Phys. Solids 52, 467–495.
[5] P. Suquet, P. Ponte Castañeda [1993], “ Small-contrast perturbation expansions for the effective
properties of nonlinear composites“, C. R. Acad. Sci. Paris II 317, 1515–1522.
[6] M.I. Idiart, P. Ponte Castañeda [2007] “Variational linear comparison bounds for nonlinear composites with anisotropic phases”, Proc. R. Soc. Lond. A 463, 907–924.
[7] M.I. Idiart, P.-G. Vincent [2015] “A generalized-secant homogenization scheme for viscoplastic
polycrystalline solids under imposed deformations”, C. R. Mecanique 343, 179–186.
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Dispersive models for waves in heterogeneous media
Tomas Dohnal1 , Agnes Lamacz1 , Ben Schweizer1
TU Dortmund, Germany
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Our analysis concerns the linear wave equation of second order. We assume that the spatial
operator is in divergence form and that an oscillatory coefficient matrix aε is periodic with
characteristic length scale ε > 0. Denoting solutions by uε : Rn ×(0, ∞) → R, we are interested
in
∂t2 uε (x, t) = ∇ · (aε (x)∇uε (x, t)) .
(1)
We assume that aε (x) = aY (x/ε) where aY : Rn → Rn×n is periodic with the periodicity of
the unit cell Y = (−π, π)n . We are interested in the behavior of uε in the limit ε → 0.
Classical homogenization theory allows to describe solutions uε ≈ u∗ well by a non-dispersive
wave equation ∂t2 u∗ = ∇ · (a∗ ∇u∗ ) — on fixed time intervals (0, T ). Instead, when larger time
intervals are considered, dispersive effects are observed. To describe uε on intervals (0, T ε−2 ),
we must use a dispersive wave equation. Our main result is that uε is close to the solution
wε of the well-posed, weakly dispersive equation
∂t2 wε = AD 2 wε + ε2 ED 2 ∂t2 wε − ε2 F D 4 wε .

(2)

The terms of order ε2 produce leading order effects, since time intervals of length ε−2 are
considered. We succeed to compare the norms of the two solutions and obtain uniform error
estimates of the form kuε (t) − wε (t)k ≤ Cε for every t ∈ (0, T ε−2 ) in some norm. These
estimates are accompanied by computable formulas for the coefficients A, E, and F in the
effective models.
Our method relies on a Bloch-wave expansion of the solution uε . The Bloch expansion suggests
a dispersive equation for the solution. But this formal equation, known as the “bad-Boussinesq
equation”, cannot approximate solutions, it is not even well-posed. Through a substitution
trick we transform the ill-posed equation into a well-posed equation (2). Numerical results
in one and two space dimensions show the dispersive behavior in heterogeneous media and
confirm the approximation property of the weakly dispersive model.
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Elastic anisotropy, compatibility stresses and plastic slip in twinned microstructures
Martin F.-X. Wagner1
1
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Twins can form in many materials, mainly as a result of annealing heat treatments, during
plastic deformation, or as a mechanism for self-accommodation in martensitic phase transformations. Individual variants (i.e., regions adjacent to a twin boundary) are related by
well-defined crystallographic orientation relationships. When a stack of thin twin variants
is subjected to mechanical loading, elastic anisotropy gives rise to additional stresses that
originate at the twin boundaries, but are constant throughout single variants. In this presentation, I will discuss a simple micromechanical model that fully describes these compatibility
stresses. Compatibility stresses can be of the same order of magnitude as the applied stresses,
and may therefore significantly alter the local stress state. I will present two examples, illuminating the effect of elastic anisotropy in twins on (i) the activation of dislocation slip systems
in nano-twinned copper, and (ii) on the effective compliance matrix (which, for the twinned
structure, becomes asymmetric) of B19’ martensite twins in NiTi shape memory alloys.
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Design of Periodic Microstructures Considering Dispersive Effect in Wave Propagation
Takayuki Yamada1,2 , Grégoire Allaire1
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Dispersion is a phenomenon appearing in heterogeneous media, by which waves with different
wavelengths propagate with different velocities [1]. It is well known that solutions of the linear
wave equation in a periodic inhomogeneous medium can be approximated by solutions of
an homogenized wave equation with constant coefficients. Since dispersion does not occur in
homogeneous media, it is necessary to include higher order terms (namely a fourth-order term)
in the effective model in order to represent those dispersive effects [1], [2], [3]. This fourth-order
term can be obtained by the method of two-scale asymptotic expansions or by the Bloch wave
method. It was first rigorously justified in [3]. This effect is pretty important for industrial
applications, because the periodic size of microstructures is finite in all industrial applications.
To begin with, this work shows several numerical simulation, which exhibits the long time
behavior of wave propagation in periodic inhomogeneous media in case of one dimension. By
the numerical results, we can confirm that the higher order homogenized wave equation is
a much better approximation than the usual homogenized wave equation in the long time
situation. Next, this study presents the design of two dimensional periodic microstructures
to minimize or maximize the dispersive effect with prescribed value of the homogenized
coefficient and volume constraint of the inclusion by using a shape optimization technique.
As was expected, we obtain microstructures which have different dispersive properties but
have the same homogenized coefficients and the same volume of material. For simplicity, our
study is restricted to isotropic media, namely the unit cell of the periodic microstructures is
assumed to have an 8-fold symmetry.
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